Thermoelastic determination of crack-tip coordinates in composites  by Ju, S.H. & Rowlands, R.E.
International Journal of Solids and Structures 44 (2007) 4845–4859
www.elsevier.com/locate/ijsolstrThermoelastic determination of crack-tip coordinates
in composites
S.H. Ju a, R.E. Rowlands b,*
a Department of Civil Engineering, National Cheng-Kung University, Tainan, Taiwan, ROC
b Department of Mechanical Engineering, University of Wisconsin, Madison, WI 53706, USA
Received 9 August 2005; received in revised form 29 November 2006; accepted 4 December 2006
Available online 8 December 2006Abstract
Many experimental methods for determining stress intensity factors involve knowing the position of the crack-tip.
Using measured coordinates of the crack-tip before testing can be insuﬃciently reliable. On the other hand, results herein
show that assuming the maximum measured signal occurs at the crack-tip can be erroneous. The present study develops
and demonstrates a least-squares method to evaluate the crack-tip coordinates of composites accurately and systematically
from measured temperature information.
 2006 Elsevier Ltd. All rights reserved.
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Experimental determination of stress intensity factors often depends on accurate knowledge of the crack-tip
coordinates. The tip of a crack is frequently taken to occur at the location of the maximum measured signal,
but results herein indicate this assumption can result in appreciable errors. Using measured crack-tip position
before testing can also be insuﬃciently reliable. Notwithstanding the importance of having a systematic and
accurate method for evaluating crack-tip position, little published literature seems to be available on the topic.
Employing the Westergaard solution, Hyde and Warrior (1990) evaluated the crack-tip location and stress
intensity factors (SIFs) photoelastically. Kuo et al. (1998) applied four distinct algorithms to locate the tip
of a surface-breaking crack using arrival-time information of diﬀracted waves. They illustrated these algo-
rithms for the case of a line crack in a half-plane. Two of their algorithms are based on elementary geometric
arguments and the other two are formulated as optimization problems. Diaz et al. (2004) presented a meth-
odology for monitoring fatigue crack growth in isotropic materials. Their approach is based on a multi-point
over-deterministic method in which thermoelastically measured data are ﬁtted to Muskhelishvili’s equations0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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and includes the crack-tip position as a variable to be optimized. Unlike the present analysis, the cited papers
by Hyde and Weaver, Diaz et al. and Kuo et al. are restricted to isotropic behavior.
The present study develops a systematic least-squares method to ﬁnd the crack-tip coordinates in orthotro-
pic composites from thermoelastic data. The method’s accuracy is validated numerically and experimentally.
A major contribution/advantage of the present formulation is its generality. Although it is derived assuming
orthotropy, rendering it applicable to composites, the present method can be degenerated for isotropy by let-
ting E11  E22 = E, m12  m21 = m and G = E/ [2(1 + m)]. Moreover, while the current technique was motivated
by applications to thermoelastic stress analysis, it has potential with other experimental techniques such as
moire´, speckle, holography, digital image correlation or photoelasticity. Moire´, speckle, holography and dig-
ital image correlation can measure displacements in isotropic or anisotropic materials (diﬀerentiate the dis-
placements to obtain strains and stresses are then available via the relevant constitutive relationship) and
photoelasticity has been applied to orthotropic materials (Dally and Riley, 1991).2. Thermoelastic stress analysis of cracked composites
For an orthotropic material whose 1- and 2-directions of material symmetry are inclined to the x- and y-
axes, the in-plane strain–stress relationship is (Lekhnitskii, 1963)Fig. 1.
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dinates. Local coordinates, x–y, have their origin at the crack-tip and the crack extends in the negative x-di-
rection, Fig. 1. Compliance components a16 = a26 = 0 if the 1-, 2-directions are aligned with the x, y
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Coordinate systems [x and y are the local coordinates of crack with origin at crack-tip and the crack surface extends in the negative
tion; X and Y are the global coordinates of Figs. 2 through 4, and 1 and 2 (strong/stiﬀ composite direction) axes are directions of
al symmetry].
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Assume the two distinct roots arel1 ¼ a1 þ ib1 and l2 ¼ a2 þ ib2: ð5Þ
For isotropic materials, l1 = l2 = i.
Thermoelastic stress analysis (TSA) is an emerging full-ﬁeld, non-contacting technique which has been used
to evaluate and validate design concepts, fracture mechanics, damage detection, fatigue monitoring, and live
and residual stresses. Under adiabatic and reversible conditions, a cyclically loaded structure experiences in-
phase temperature variations which are proportional to a combination of the changes in the stresses. Using an
infrared radiometer, TSA measures the local temperature ﬂuctuations associated with the stress changes of
actual structures in their operating environments with sensitivity similar to that of strain gages. For an ortho-
tropic material under plane stress, this relationship can be written as (Rauch and Rowlands, 1993; Patterson
and Rowlands, 2007)S ¼ a1Dr11 þ a2Dr22 ð6aÞ
where S is the measured thermoelastic signal, Dr11 and Dr22 are changes in the stresses in the directions of
material symmetry, and a1 and a2 are thermoelastic coeﬃcients.
Ju and Rowlands (2003a,b) showed that the thermoelastic signal, S, of Eq. (6a) associated with stresses in a
cracked, orthotropic composite is given byS ¼ ½ a1 a2 0 ½T 12xy 
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or S ¼ ½Afbg ð6bÞwhere the transformation matrix, [T12xy], relates the stress vector between the 1-, 2-directions of material
symmetry and the local coordinates, x–y (Fig. 1), coeﬃcients {b} depend on the geometry and applied forces,
n is the number of term pairs in the stress expressions (one term = two coeﬃcients, bj and bj+n), and the com-
ponents of matrix [A] are (Khalil et al., 1986)Aj ¼ jRe l21ðz1Þ
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free stresses along the crack surface. The stress and displacement ﬁelds around the crack-tip can be composed
by these parameters. This method was ﬁrst used to develop a singular element for cracked composite problems
(Khalil et al., 1986), its reliability has been substantiated by comparing against results from the J-integral ap-
proach (Ju, 1996), and subsequently applied to determine stress intensity factors in orthotropic composites
(Ju, 1996; Ju and Rowlands, 2003a,b).
3. Determining crack-tip coordinates
From Eq. (6) and measured thermoelastic signal Si at point i, the sum of the squares of the errors for m such
points isR ¼
Xm
i¼1
½Aifbg  Sið Þ2 ð8aÞwith [Ai] being the matrix of [A] of Eq. (6b) at any generic point. It is convenient to render Eq. (8a) dimen-
sionless by dividing by the square sum of signals, as followsR ¼ 1Pm
i¼1S
2
i
Xm
i¼1
½Aifbg  Sið Þ2 ð8bÞTo minimize the sum of the squares of the errors, one evaluatesoR
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 " #
¼ 0 ð9ÞEq. (9) can be rewritten as½Kfbg ¼ fF g ð10Þ
where ½K ¼Pmi¼1½AiT½Ai is a symmetric matrix, and fF g ¼Pmi¼1Si½AiT.
Recognizing [K] and {F} depend on only measured Si, and known material properties and geometry
(through zi which depend on location from the crack-tip), Eq. (10) can be solved directly to evaluate the
{b} which minimizes R* at the location. Knowing {b}, the average of the squares of the errors in Eq. (8b)
is obtained. Since R* is derived from stresses near the crack-tip (Eqs. (6a), (6b), (7a)–(7h), (8a), (8b)), the
extreme value of R* of Eq. (8b) will depend on the accuracy with which one knows the coordinates of the
crack-tip (i.e., x = y = 0 in Eq. (4)). If the presumed coordinates of the crack-tip (i.e., presumed coordinate
origin) are exactly correct, then the value of R* of Eq. (8b) would be a minimum. Based on this criterion,
one can obtain the correct coordinates of the crack-tip from measured thermoelastic data. Several numerical
methods (William et al., 1986) are available with which to evaluate the minimum value of Eq. (8b), but those
methods often terminate at a relative minimum value which can give an incorrect crack-tip position. We there-
fore use a simple linear search method to determine the correct crack-tip coordinates. The individual steps of
this procedure are as follows
1. Estimate the approximate global coordinates (X0,Y0) of the crack-tip and select the magnitude of a search
distance, D. These initially assumed crack-tip coordinates, (X0,Y0), might well be motivated by the location
of the maximum thermoelastic signal. After the global coordinates (X0,Y0) of the crack-tip are established,
the local coordinates x–y of Si can be obtained. It is noted that the crack direction can be precisely mea-
sured before testing, and it is known in this study.
2. Mesh a region of size D by D (region center is located at above chosen initial coordinates (X0 and Y0) with
N by N lines such that the line intervals in the x- and y-directions are Dx and Dy, respectively, and
Dx = Dy = D/(N  1). The N by N nodes of this line array deﬁne N2 potential crack-tip positions, including
the initially considered position. The software developed here then successively assesses each of these N2
points as to whether or not some point of the D by D region other than the original (Xo, Yo) location is
the more probable crack-tip. This is accomplished by evaluating the known values of Si and [Ai], hence
S.H. Ju, R.E. Rowlands / International Journal of Solids and Structures 44 (2007) 4845–4859 4849[K], at each of these locations, i, in the D by D region from which Eq. (10) provides the relevant vector {b}
to minimize R* of Eq. (8b) for each of these positions. The particular one of these N2 points that produces
the minimum R* will be the most reliable location of the crack – at least for the utilized size of Dx and Dy.
The estimate crack tip is located at the appropriate location of these N by N lines, and this point is set as the
origin (x = 0 and y = 0). Values of Si do not necessary originate at the nodes of the N by N grid.
3. There are consequently N2 testing points of the crack-tip. With the newly assumed initial crack-tip position
determined within this D by D region from step (2), reduce Dx and Dy and repeat the procedure of step (2)
until a satisﬁed crack-tip position is obtained within a new (smaller) region, that is until the position having
the lowest value of R* is determined. The reduction factor of 2.5/N was found to be suitable in this study
(i.e., used Dx
0
= 2.5(Dx)/N and Dy
0
= 2.5(Dy)/N, with NP 5 in a next evaluation. The size of the region is
now smaller, i.e., D is reduced but N is the same as previously).
4. Numerical experiments
4.1. Background
Numerical experiments were conducted initially in part to assess the computational reliability and robust-
ness of the method. These experiments used ﬁnite-element predicted simulated experimental input values of Si
for Eq. (8b), where Si was obtained at each ﬁnite element node using Eq. (6a). Eight-node quadrilateral iso-
parametric elements were utilized with a ﬁne mesh (Figs. 2 through 4) near the crack-tip. Quarter-point sin-
gular isoparametric elements (Henshell and Shaw, 1975) were employed around the immediate crack-tip. All
three numerical experiments conducted assume linear-elastic, plane-stress conditions. The applied stresses, S1
and S2, are 1 MPa in cases 1 and 2 and S3 = 50 MPa in case 3. Material properties (E22/E11 = 14.7, represen-
tative of a graphite/epoxy) and general geometric features of these numerical experiments are shown in Table 1
and Fig. 1. Material directions 1 and 2 are aligned in the horizontal and vertical directions, respectively, Figs. 2
through 4.
Quantities n, Rmax and Rmin were adjusted in the numerical analysis, where n is the number of term pairs in
Eq. (6) (one term includes two stress coeﬃcients, bj and bj+n), and Rmax and Rmin are the maximum and min-
imum radii from the crack-tip, respectively, of the data acquisition area from which thermoelastic values, Si,
are retrieved, Fig. 1. Recognizing that measured temperatures close to an edge are typically unreliable, no
input data are utilized 6±15 of the x-axis near the crack edge, Fig. 1. Approximately 500–3000 simulated
thermoelastic data points occur within the various data-acquisition areas (Rmax = 5–10 mm) employed, corre-
sponding to a resolution in the region of interest of 0.1–0.3 mm between data points.200
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Fig. 2. Model and mesh of numerical Example 1 (unit = mm, 2a = 26.25 mm, a = crack length).
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Fig. 4. Model and mesh of numerical Example 3 (unit = mm, a = 5.25 mm, a = crack length).
Table 1
Material properties for numerical experiments
E11 E22 m21 G12 a1 (Eq. 6) a2 (Eq. 6)
12 GPa 176 GPa 0.34 5.7 GPa 482.9 U/MPa 13.8 U/MPa
Fig. 3. Model and mesh of numerical Example 2 (unit = mm, a = 9.843 mm, a = crack length).
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ed plates were calculated using the method of the paper (Ju, 1996) for n = 8, Table 2. Unless stated otherwise,
Rmax = a (2a = total crack length of a central crack, a = crack length) and Rmin = 0.2 mm. Values of R* (nor-
malized sum of the squares of the errors, Eq. (8b)) are for the correct coordinates of the crack-tip from the
ﬁnite element mesh and will be compared with those from calculated or incorrect crack-tip location in the
three examples. The errors in crack-tip position, Ea, and in the stress intensity factors, Ek, due to incorrectly
assumed crack-tip position, are deﬁned as follows:
Table 2
Stress intensity factors for the three Examples of Figs. 2 through 4 based on the method in the paper (Ju, 1996) (n = 8, Rmax = a/2 and
Rmin = 0.2 mm)
Example No. Crack length a (mm) KI KII (MPa-mm
1/2)
1 13.125 11.74 0.00
2 9.843 5.33 3.12
3 5.250 116.72 52.41
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j þ jDyj
a
ð11aÞ
Ek ¼ jKI  K
E
I j þ jKII  KEIIj
jKIj þ jKIIj ð11bÞwhere a is the crack length as shown in Table 2, Dx* and Dy* of Eq. (11a) are the diﬀerences in the respective x-
and y-coordinates between the correct and assumed/estimated positions of the crack-tip, KI and KII are the
ﬁrst (opening)- and second (in-plane shearing)-mode stress intensity factors, respectively (based on the correct
crack-tip position as shown in Table 2), and KEI and K
E
II are the respective ﬁrst- and second-mode stress inten-
sity factors using an estimated/assumed crack-tip position.
4.2. Example 1
This example involves a transversely cracked (crack length, 2a = 26.25 mm) ﬁnite tensile plate in which the
right crack-tip is very close to the specimen’s edge, Fig. 2. The main purpose here is to assess the accuracy of
the proposed method due to the edge eﬀect. The sensitivity of Ek (Eq. (11b)) due to variations in the magnitude
of Ea (Eq. (11a)) was ﬁrst investigated. Fig. 5 shows that a small variation in the right crack-tip coordinate, Ea
(i.e., small error in presumed crack-tip location) can cause signiﬁcant errors in the calculated KI and KII, i.e.,
large Ek. Increasing the number of term pairs in Eq. (6) also tends to increase Ek. The least-squares procedure
outlined in Section 3 was then used to ﬁnd the correct crack-tip coordinates under Rmax = 2a/4 = 26.25/4 = a/
2 = 6.6 mm, Rmin = 0.2 mm, n = 6, D (search distance) = 6 mm and N = 50 (D and N are deﬁned near the end
of Section 3). The result, Fig. 6, indicates the following features:
1. If the crack-tip were estimated to be beyond the component’s boundary, very few input locations of Si
would occur inside the Rmax circle for the least-squares method. These few Si locations would also be well
away from the highly stressed area (actual crack-tip area). Under such conditions, Fig. 6 shows that the
magnitude of R* (Eq. (8b)) for such an estimated/assumed crack-tip position could be smaller than that
at locations near the crack-tip. Thus, the correct crack-tip position cannot be found. To overcome thisFig. 5. Eﬀect of incorrect crack-tip coordinates on Ek (Eq. (11b)) for Example 1.
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Fig. 7. Eﬀect of incorrect crack-tip coordinates on R* (Eq. (8b)) for Example 1 but with increased Rmax(Rmax = a, Rmin = 0.2 mm, n = 6,
D = 6 mm and N = 50).
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Fig. 6. Eﬀect of incorrect crack-tip coordinates on R* (Eq. (8b)) for Example 1 (Rmax = a/2, Rmin = 0.2 mm, n = 6, D = 6 mm and
N = 50).
4852 S.H. Ju, R.E. Rowlands / International Journal of Solids and Structures 44 (2007) 4845–4859drawback, we increased Rmax = 13 mm  a so as to include more test locations, i.e., increased the
value of m in Eqs. (8b) through (10). Fig. 7 demonstrates that this overcomes the previously cited
shortcoming.1
2. Except for the above condition, the crack-tip, or points very near the crack-tip, provides the minimum val-
ue of R*. The values of R* for assumed positions along the positive x-coordinate (Figs. 1 and 6) are also
smaller than those at locations away from the positive x-coordinate. However, R* values for these latter
points along the positive x-coordinate still exceed that at, or near, the crack-tip. Thus, this method can ﬁnd
the position of the crack-tip and also show the crack surface using the contour ﬁgure of R*.1 The current program evaluates at which of the N2 nodes of the D by D region the minimum value of R* occurs, i.e., predicts most
probable crack-tip location within the region. While the program omits entering values of Si for positions outside of the structure, it does
not determine whether or not a predicted origin is beyond the edge of the structure. However, if desired, the present software could be
extended to provide this feature.
S.H. Ju, R.E. Rowlands / International Journal of Solids and Structures 44 (2007) 4845–4859 48533. Values of R* for all other locations not along the positive x-coordinate, but away from the crack-tip, are
quite uniform and much larger than that at the crack-tip, Figs. 6 and 7. It is therefore clear that one can
determine the crack-tip easily using Figs. 6 or 7. However, if the N2 input test locations were not suﬃciently
close together (insuﬃciently large N), the procedure of Section 3 could incorrectly predict the crack-tip to
be near the negative x-axis by ﬁnding a relative, rather than absolute, minimum value of R*. It is conse-
quently important to utilize a suﬃciently large value of N, such as N = 50, to avoid this drawback.
Subsequent to the above, the method of Section 3 was used to ﬁnd the crack-tip position using
Rmax = 13 mm  a, Rmin = 0.2 mm, D (search distance) = 6 mm, N = 50 and for the ﬁve respective cases of
n = 4,5,6,7 and 8. The calculated crack-tip locations for these ﬁve cases are identical with Ea = 2.0E-4, which
produces a small error in the stress intensity factors, Ek = 1.0%.
The selected values of Rmin and Rmax employed in this manuscript were inﬂuenced by our previous expe-
rience (Ju, 1996; Ju and Rowlands, 2003a,b). The size of Rmax can be set to the crack length, a, if there is
no other singularity within this region. One can use a relatively small value for Rmin. However, measured data
in the immediate neighborhood of a crack are typically unreliable and so it is advisable to stay suﬃciently
away from the crack-tip to avoid this concern.
4.3. Example 2
This example involves a bi-directional central crack in a vertically loaded ﬁnite tensile composite, Fig. 3.
The left-hand portion of this crack is horizontal whereas the right-hand portion is inclined 30 from the
global horizontal X-axis. In this case, the coordinates of the right crack-tip are calculated using the
least-squares method, and the crack length, a = 9.843 mm, is taken as that of only the right-hand (inclined)
portion of the entire crack. The main objective of this example is to assess the accuracy of the presented
method when the crack changes direction. The sensitivity of Ek (Eq. (11b)) was ﬁrst investigated due to
changes in Ea (Eq. (11a)). Fig. 8 demonstrates that a small variation of the crack-tip coordinate, Ea, can
cause a big errors, Ek, in the calculated KI and KII. The least-squares method outlined in Section 3 was next
used to locate the crack-tip for Rmax = a = 9.843 mm, Rmin = 0.2 mm, n = 6, D (search distance) = 6 mm
and N = 50 (D and N are deﬁned near the end of Section 3). Fig. 9 indicates the same features as those
of Fig. 7 for Example 1.
The least-squares method of Section 3 was subsequently employed to evaluate the crack-tip location for
Rmax = a = 9.843 mm, Rmin = 0.2 mm, D (search distance) = 6 mm, N = 50 and for the ﬁve respective cases
of n = 4,5,6,7 and 8. The calculated crack-tip locations for each of these ﬁve cases are identical with
Ea = 1.7E-3, which produces small errors in the stress intensity factors (Ek = 2.0%). The present least-squares
results are therefore relatively insensitive to changes in n for nP 3.Fig. 8. Eﬀect of incorrect crack-tip coordinates on Ek (Eq. (11b)) for Example 2.
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N = 50).
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This example involves an inclined crack emanating from the contact boundary of a ﬁnite, bolted composite
joint, Fig. 4. The crack direction is 67 from the global horizontal X-axis, and the crack length, is a = 5.25 mm.
The example was selected to evaluate the accuracy of the developed method for a crack near a geometrically
highly nonlinear situation. The sensitivity of Ek (Eq. (11b)) due to the changes in Ea (Eq. (11a)) was initially
investigated. Fig. 10 shows that under such conditions, small errors in locating the crack-tip coordinate, Ea,
can again cause signiﬁcant errors, Ek, in the calculated KI and KII. The method of Section 3 was used next
to predict the correct crack-tip location for Rmax = a = 5.25 mm, Rmin = 0.2 mm, n = 6, D (search
distance) = 6 mm and N = 50 (D and N are deﬁned near the end of Section 3). The result of Fig. 11 demon-
strates the same features as those of Examples 1 and 2 (Figs. 7 and 9). Although there is some over-lap of the
symbols of Figs. 5, 8 and 10 for n = 4,6 and 8, these plots clearly demonstrate that the error in Ek also increas-
es with increasing number of term pairs of Eq. (6).
The least-squares method of Section 3 was also again utilized to locate the crack-tip using Rmax =
a = 5.25 mm, Rmin = 0.2 mm, D (search distance) = 4 mm, N = 50 and for the ﬁve cases of n = 4, 5,6,7
and 8. The calculated crack-tip locations for these ﬁve cases has the maximum error of Ea = 5.6E-4, which
produces a small error in the stress intensity factors, Ek = 3.2%.Fig. 10. Eﬀect of incorrect crack-tip coordinates on Ek (Eq. (11b)) for Example 3.
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Fig. 11. Contour plot of logR* of Eq. (8b) as a function of crack-tip position for Example 3 (Rmax = a, Rmin = 0.2 mm, n = 6, D = 4 mm
and N = 50).
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The three previous examples employ ‘perfect’ input data. However, measured input values usually contain
some scatter/experimental error. In order to simulate errors/scatter associated with thermoelastic measure-
ments, the ‘perfect’ input data of each of the previous examples were subsequently modiﬁed according to
Eqs. (12a) through (12c), i.e.,Table
Ability
Examp
1
1
1
2
2
2
3
3
3S ¼Soriginalð1RANP factorÞ ð12aÞ
S ¼Soriginalð1þRANP factorÞ ð12bÞ
S ¼Soriginalð1RANP factorÞ ð12cÞValues of S computed by one or other of Eq. (12) now become the input for Eqs. (8b) through (10), such that
Soriginal is the ‘perfect’ thermoelastic information obtained from the ﬁnite element analysis, RAN is a random
value between 0 and 1, and Pfactor is a user-selected factor. In this study Pfactor is set to 0.2, which means that
the maximum input error is 20% and the averaged input error is 10%.
These forms of Eq. (12) include uniform and extreme conditions which are suﬃciently general to simulate
realistic experimental inaccuracies. The eﬀects on the SIFs of variations in Pfactor were investigated under
n = 6, Rmax = a (crack length), Rmin = 0.2 mm, D = 6 mm and N = 50. The results of Table 3 indicate that
the presented method of Section 3 continues to locate the crack-tip reliably, even for errors/scatter in the input
values of Si as great as 20%. The SIFs of this Table were calculated based on the calculated crack-tip location
and Si without error. Results of Table 3 address random errors. If all input data were oﬀ-set by a systematic
error of say 10%, the calculated crack-tip location would be at least as reliable as that using either of Eq. (12b)3
of present method to provide reliable SIFs for input errors of Si as great as 20%
le No. Equation Ea (%) Ek (%)
12a 0.25 1.72
12b 0.27 1.68
12c 0.23 0.76
12a 0.20 1.70
12b 0.01 1.96
12c 0.02 1.90
12a 0.09 0.75
12b 0.015 0.75
12c 0.20 0.75
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quality input data. Highly unreliable input values near (but not in the immediate vicinity of, since not use such
information) the crack-tip might produce appreciable error. However, such poor data is probably detectable
ahead-of-time and its use avoided.5. Experimental results
The current technique of Section 3 was also applied to actual tensile composites containing inclined crack
as shown in Fig. 12. The material is a [05/90/05] Gr/E composite (Kinetic Composites, Inc., Oceanside, CA),
E22/E11 = 14.6 with the strong/stiﬀest orientation (2-direction) in the vertical direction of loading. The lami-
nate properties are E11 = 8.3 GPa, E22 = 121.3 GPa, m21 = 0.34, G12 = 3.9 GPa, a1 = 490.5 U/MPa and
a2 = 14.79 U/MPa. The cracks were machined using electrical discharge machining (EDM) and the crack-tips
were further sharpened with a razor blade. The composite was cyclically loaded (19 Hz) under far-ﬁeld applied
vertical stresses (stress ranges) as noted in Fig. 13 and Table 4. Temperatures were recorded (2-min scans) with
a DeltaTherm 1500 system (Stress Photonics, Madison, WI) at horizontal and vertical resolutions of 320 by
256 pixels, respectively. Fig. 13 contains representative thermograms of the recorded temperature ﬁeld and the
scales of the thermoelastic signal.
Crack-tip coordinates were evaluated using the present method (Section 3) and recorded temperature data
(Fig. 13) with n = 6 and 8, Rmax = 9 mm, Rmin = 1 mm, D = 6 mm and N = 50. The so-calculated crack-tip
coordinates of each of the three cases of Figs. 12 and 13 were then used to ﬁnd the stress intensity factors,
as outlined in Section 2. The percentage errors, Ek (Eq. (11b)), based on theses thermoelastically determined
crack-tip positions and corresponding values of KEI and K
E
II, and the FEM predicted KI and KII (of columns 3
and 4 of Table 4), are illustrated in columns 6 and 8 of Table 4. For comparison, the errors of the 5th and 7th
columns of Table 4 are based on assuming the crack-tip occurs at the location of the maximum thermal signal
(in this case maximum value for ﬁve respective cases of S). These results of Table 4 demonstrate that crack-tip
positions are located much more accurately by the current method than when approximated by the maximum
thermal signal. Moreover, the unreliably predicted crack-tip locations of Table 4 result in inaccurately com-
puted SIFs.
Three specimens were analyzed experimentally, with the crack angles of 15, 30 and 45 from the horizon-
tal axis, respectively. Each of these specimens is analyzed at three diﬀerent eﬀective stress levels (Fig. 11).2w=
44.5mm
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Crack
2
1
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σ0
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a Crack angle =15o  b Crack angle = 30o  c Crack angle = 45o
Fig. 12. Specimen details (2-direction is the strongest/stiﬀest orientation) of vertically loaded [05/90/05] Gr/E tensile composite with a 15,
30 and 45 inclined central crack, respectively (crack length 2a = 19.05 mm, crack width = 0.33 mm = 0.013 in. and specimen
thickness = 2.134 mm = 0.084 in.; crack angles measured from horizontal axis).
Fig. 13. Thermoelastic images of vertically loaded [05/90/05] Gr/E tensile composites with 15, 30 and 45 inclined central cracks (320
horizontal by 256 vertical pixels; 2a = 19.05 mm = 0.75 in., 2w = 4.45 cm = 1.75 in., a/w = 0.43 and thickness = 2.13 mm = 0.084 in.,
where 2a = crack length and 2w = specimen width, r0 = far-ﬁeld applied tensile stress) (Ju and Rowlands, 2003a,b).
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method in this study. These experimental results demonstrate that the calculated crack-tip produces accurate
values of the SIFs, typically reliable to within 5%. Advantages of this general approach include its rational,
simplicity, robustness and expediency. The method enables one to utilize the location of the maximum signal
as the initial crack-tip, and then ﬁnd the correct crack-tip location using little computer time. Although the
technique is developed here for TSA, it is potentially also applicable with other experimental analyses involv-
ing cracks.
Experience indicates that simply locating (perhaps with a ruler or calipers) the crack-tip before testing can
be insuﬃciently accurate. On the other hand, and partially due to unreliable TSA data near an edge (including
Table 4
Demonstrated ability of the present method to provide reliable SIFs from measured thermoelastic data of Fig. 13 (a = crack
length = 9.525 mm, r0 = applied stress, n = number of term pairs in Eq. (6))
Specimen No. r0 (MPa) KI/(r0
ﬃﬃﬃﬃﬃ
pa
p
)a KII/(r0
ﬃﬃﬃﬃﬃ
pa
p
)a Ek (based
on max S)
n = 6 (%)
Ek (present
least-squares
method)
n = 6 (%)
Ek (based
on max S)
n = 8 (%)
Ek (present
least-squares
method)
n = 8 (%)
1 12.3 1.032 0.279 18.9 13.4 26.4 16.7
1 15.6 1.032 0.279 7.2 2.9 10.9 3.8
1 17.9 1.032 0.279 5.2 4.8 8.4 2.9
2 12.6 0.798 0.461 22.0 5.6 14.5 2.3
2 15.7 0.798 0.461 31.2 2.4 60.1 3.7
2 22.9 0.798 0.461 14.9 2.4 15.3 4.6
3 12.6 0.531 0.525 14.1 4.4 21.6 6.9
3 16.0 0.531 0.525 14.1 6.4 24.7 8.1
3 23.3 0.531 0.525 13.8 7.1 24 8.2
a Determined from least-squares and FEM, Ju (1996).
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This edge-eﬀect of the recorded temperature data means determining accurately even edges of the specimen
from TSA images can be non-trivial, which hampers correctly locating the tip of a crack from specimen mea-
surements prior to testing.
Cross-ply lay-ups can exhibit some splitting from the tip of a notch or crack at relatively low values of
applied stress (Kortschot and Beaumont, 1990). Fig. 13i shows a slight discontinuity in the TSA image at
the top, left-hand end of the crack. This could be due to such splitting, but it is not serious and no visible dam-
age was detectible in the unloaded specimen. Moreover, and to circumvent any possible concern, the least-
squares calculation is based here on TSA data near the bottom right-hand crack-tip. The present method also
does not employ measured input data in the immediate vicinity of the tip of a crack.6. Summary, discussion and conclusions
Unlike with isotropy, the magnitude of stress intensity factors under orthotropy depends on constitutive
properties. This motivates experimental evaluation of SIFs in composite materials. Although experimental
methods of determining SIFs typically necessitate accurate knowledge of the position of the crack-tip, present
data show that small errors in the crack-tip coordinates can produce large errors in the experimentally calcu-
lated stress intensity factors. Simply physically locating the crack-tip before testing is not always suﬃciently
reliable. Moreover, results here demonstrate that the frequent approach of assuming the crack-tip occurs at
the maximum measured signal (in this case temperature) can give substantially incorrect SIFs. For these rea-
sons, a least-squares method is developed for evaluating crack-tip coordinates under mixed-mode orthotropy
using distant temperature information. Finite element analyses and thermoelastic experiments validate that
the current method can evaluate the crack-tip coordinates accurately and systematically. The approach is sim-
ple and reliable. The technique also recognizes the practical consideration of not using measured data in the
immediate vicinity of the crack. The scheme involves selecting an initial/approximate crack-tip position (based
here on the maximum value of recorded temperature information) and then assessing the possibility that some
other neighboring location is the more correct/actual crack-tip. The coordinates of a potentially more correct
crack-tip are then determined by hybridizing specially developed software with temperature information
throughout a rectangular region centered about the originally assumed crack-tip position. Results demon-
strate the technique’s suitability for cracks either near a free edge or emanating from a nonlinearly loaded
boundary, bilinear cracks and/or inclined cracks. Although developed here for mixed-mode orthotropy, the
analysis can be reduced for single-mode and/or isotropic applications. Moreover, data indicate the present
method’s ability to obtain reliable SIFs even from non-quality measured input values. The general concepts
S.H. Ju, R.E. Rowlands / International Journal of Solids and Structures 44 (2007) 4845–4859 4859employed here are also potentially applicable with other experimental methods such as moire´, speckle, digital
image correlation or photoelasticity.
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